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The purpose of this paper is to study Smarandache curves in the 4-dimensional Euclidean space E*, and 
to obtain the Frenet-Serret and Bishop invariants for the Smarandache curves in E^. The first, the second 
and the third curvatures of Smarandache curves are calculated. These values depending upon the first, 
the second and the third curvature of the given curve. 
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1. Introduction 


It is well known that, if a curve is differentiable in an open in- 
terval, at each point, a set of mutually orthogonal unit vectors can 
be constructed, and these vectors are called Frenet frame or mov- 
ing frame vectors. The rates of these frame vectors along the curve 
define curvatures of the curve. The set, whose elements are frame 
vectors and curvatures of a curve is called Frenet apparatus of 
the curves. In recent years, the theory of degenerate submanifolds 
has been treated by researchers and some classical differential ge- 
ometry topics have been extended to Minkowski space [1-3] and 
Galilean space [4]. For instance in [1,2] the authors extended and 
studied Smarandache curves in Minkowski space-time. A regular 
curve in Euclidean space E*, whose position vectors is composed 
by Frenet frame vectors on another regular curve is called Smaran- 
dache curve. Special Smarandache curves in three dimensional Eu- 
clidean space studied in [5]. 

The Bishop frame [6] or parallel transport frame is an alter- 
native approach to defining a moving frame that is well defined 
even when the curve has vanishing second derivative. We can par- 
allel transport an othonormal frame along a curve simply by par- 
allel transporting each component of the frame in Euclidean 4- 
space. The parallel transport frame is based on the observation 
that while T(s) for the given curve model is unique, we may chose 
any convenient arbitrary basis which consists of relatively paral- 
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lel vector fields (Mi(s), M2(s), M3(s)} of the frame, such that they 
are perpendicular to T(s) at each point|78]. The parallel trans- 
port frame in four dimensional Euclidean space is studied in [9]. 
Smarandache curves were studied from deferent researchers in 
three dimensional Euclidean space [10-14]. Smarandache curves in 
4-dimensional Galilean space are presented in [15]. In this paper 
we study Smarandache curves in 4-dimensional space according to 
the Frenet frame and parallel transport frame. 


2. Preliminaries 


Let à: R > E^ be an arbitrary curve in the Euclidean space E^. 
Let d = (44, 05, d3, 04), b = (bi, b2, b3, b4) and È = (cy, C2, C3, C4) 
be three vectors in E^, equipped with the standard inner product 
given by < d, b >= a,b; + 05b; + a3b3 + a4b4. The norm of a vec- 
tor a e E^ is given by | à | —/«d,d >. The curve o is said 
to be of a unit speed or parametrized by arc length function s if 


Ae 
« a, a! >= 1. The vector product of d, b, and Ë is defined by 
the determinant 





ei €2 €£€3 €4 


> 
=> a a a a 
x bx €=])! 2 * 3 
bı b, b, bg 
C1 €5 C3 C4 


where €1 X £2 X €3 = £4, C2 X £3 X C4 = C1, €3 X C4 X C1 = CD, 04 X 
e1 X €? = €3,€3 X €? X C1 = C4. 
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The vectors t(s), n(s), b4(s), b2(s) are the moving Frenet frame 
along the unit speed curve o. Then the Frenet formulas are given 
by 


t 0 ky 0 0 t 
nm | | —ky 0 kz 0 n 
, t= 
vl Lo ^ ^ olla] 
2 3 2 
t, n, by, and b, are called, respectively, the tangent, the principal 
normal, the first binormal and the second binormal vector fields of 
the curves. The functions k;(s), ko(s) and k3(s) are called respec- 
tively, the first, the second and the third curvature of the curve o. 
The curve is called W — curve if it has constant curvatures k4, k2 
and k3. 
Let œ = o'(t) be an arbitrary curve in E^. The Frenet apparatus 
of the curve o can be calculated by the following equations. 


























a’ 
t=—_ 
IDA 
"E a’ |a" — « al, o" >a’ 
| at! | a — « al, a" > a' | 
bi = nbz xtxn 
b = txnxa" 
ES tx n x a" | 
at! |a" — « a, a" >a’ 
kı = 
4 
I’ | 
be lt x n x o" |ila"| 
lio] a- < or, o" > a | 
k- < a) b, > 
37 exnx a” | ia’ 











where 77 is taken + 1 such that determinant of matrix [t,n,b1,b2] is 
equal to one. 

The Bishop frame or parallel transport frame is an alternative 
approach to define a moving frame that is well defined even when 
the curve has vanishing second derivative [9]. One can express par- 
allel transport of an orthonormal frame along a curve simply by 
parallel transporting each component of the frame. The tangent 
vector and the convenient arbitrary basis for the remainder of the 
frame are used. The parallel transport equations in E^ can be ex- 
pressed as 


T' 0 K k Kl[T 
M! |-R 0 0 0| M, 
M, ^|- 00 O0|!M 
M -Kk 0 0 o0||M 


where K4, K2, and K3 are the principal curvature functions accord- 
ing to parallel transport frame of the curve o. The set (T, M4, M5, 
M3) is called the parallel transport frame of o [6,14]. 

The expressions of the principal curvatures are given as fol- 
lows: 


Kı =k, cos 0 cosy, 
Kə = kı (— cos $ sin y + sin $ sin 0 cos w), 
K; = kı (sing sin y + cos o sin0 cos y) and 
0' 
sin y ' 


V! - - (e +h) y 
TIPS Jer i 








ky = yK? + K? + K2, kı = —V' + à sin0, k3 = 
$' cos0 + 6’ cotw — 0 


k 3 


7 (ere 





where 6’ 


Vk - (6')2 


cos@ 


Note that k4, k2, kz are the principal curvature functions accord- 
ing to Frenet frame and Kj, K2, K3 are the principal curvature func- 
tions according to the parallel transport frame of the curve a. 


3. Main results 
3.1. tb; Smarandache curves in E^ according to the Frenet frame. 


In this subsection we define tb; Smarandache curves and obtain 
their Frenet apparatus. 


Definition 1. A regular curve in E^, whose position vector is ob- 
tained by Frenet frame vectors on another regular curve, is called 
Smarandache curve. 


Definition 2. Let œ = o(s) be a unit-speed curve with constant 
and nonzero curvatures k4, kz, kz and (t, n, b4, b2} be moving frame 
on it, tb; Smarandache curves are defined by B(Sg) = 4; GO 


bi (5). 


Theorem 1. Let o(s) be a unit speed curve with constant non zero 
curvatures ky, k2, k3 and B(sg) be tb, Smarandache curves in E^ 
defined by the frame vectors of oa (s) . Then the Frenet apparatus of 
B((tg. ng, big, Do, Kig» kag. K3,]) can be formed by Frenet appara- 
tus of a({t, n, by, b2, ky, k2, k3]). 


Proof. Let B = B(sg) be tb, Smarandache curve of the curve a. 
Then 

From Definition (2) we have Bg) = zt) + b4 (s)) 

By differentiating (sg) with respect to s we obtain 





5 k2)n + k3b2) 








ds dsg ds /2 
The tangent vector of the curve f is given by 
tg = Ain + A2b2 (3.1) 
| (4—k3)2 4-2 
where E = 1 3 3 A (k1—k5) and Ao k3 


V fat? y (kı —k2)2+k2 
Again differentiating the tangent vector of B with respect to sg 
we can obtain 6” as follows 


J2[-ky (ki = k;)t + (ki ko = id = k)bi] 
(ky = ky)? + k 


The principal normal of the curve f is 





p" = 


ng = Ast + A4bi 





As —ky (k1-k;) and A 


where 
/8 (ky =k2)2+ (kı ky - I2 - i22 





ky ka —k3 —k3 
Rk ka (ko-Id- I? 








B" = Asn + Agb» 
2( KF (ky -k5)-k) (ky k2—kž —k2)) k3 (ky kg —k3 -k2) 


3 3 
((ky —ka )? +k) 2 ((ky ky)? +k) 2 
The second binormal vector of the curve f is given easily as 
follows 


(ky ky — k? 





where As = and Ag = 





k2)t + ky (ky — k2)bı 











= (3.3) 
YU like - IE - IB + (ky — ey? 
The first binormal vector of the curve f is 
b = —k3n + (ki 2d k2)b2 (3.4) 


"n J ke (a — k2)? 
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The first, second and third curvature of the of the curve f are 


— 2 Riko — kå — k$)? + kt (kı — k2)°] 























I 3.5 
"ir (Id x — e)?» ioo) 
k J2k3[ky (ky kz k2 k2) + k (ky k5)] 3 6) 
i (k3 + (ky — k2)2)/ (kı k2 k3 — k$)? + kê (kı — k2)? i 
A/2(—k4A445 — k2A3A5 + k3A3A6) (3.7) 








ks, = 
"n ME + (kı — ka)? J (kı k2 k iy t k (ky — kz)? 


This completes the proof. 














3.2. TM; Smarandache curves in E^ according to the parallel 
transport frame. 


In this subsection we define TM, Smarandache curves and ob- 
tain their parallel transport frame and the principal curvatures. 


Definition 3. Let œ — o(s) be a unit speed curve in E^ and 
(T4, Mia; Mo,, M3,] be its moving parallel transport frame. TM, 
Smarandache curves is defined by B (Sg) = 5 (Ta TM, ). 


Theorem 2. Let æ = œ (s) be a unit speed curve with constant princi- 
pal curvatures Ki, , Ky, Ka, and B(sp) be TM, Smarandache curves in 
E^ defined by the parallel transport frame vectors of œ = a(s). Then 
the parallel transport frame of B can be formed by the parallel trans- 
port frame of a and the principle curvatures of f (Ky, Kop. Ks, )can 
be obtained by the principal curvatures of a. 


Proof. To investigate the parallel transport frame of TM, Smaran- 
dache curve according to a(s) differentiating Bg) = 5 (Ta + 
M,,,) with respect to s 
ds 
Ts s 
The tangent vector of the curve f can be written as follows 
—Ki, To + Ki, Mi, + Ko, M5, + K3, Ms, 








1 
WM Ki, Te H Kı Mia t Ko, M5, H K3, M3, ) 




















Tg (3.8) 
{AKERS +K 
ds 
where © = L2KP eid +K, 
Differentiating (3.8) with respect to s 
, _ dT, 
Tp = de = AoTs 4 MMi, ! A2M2, ! à3M3, 
5p 
—/2(K7,, -K2 + Ky.) —/2K? 
where Ao = zo g g7 6^0 13:2 2 KZ 
QK +K + KF) QK? +K +) 
—J2K,,, Kə —2K;. K3 
À2 a [^4 À3 a a 


|. QK +K? -K2) » QR -K2 -K2) 
The first curvature of the curve 6 according to Frenet frame is 


V2 K +R +R 
kıp = V A8 9 M M EM 
|2K? + KZ + KR 


The principal normal of the curve f is given by the following 


formula 
Rola + 41M1, + A2M2, + 43M3, 


Aa T AT +A AS 








(3.9) 








ng = (3.10) 


The third derivative of the curve f reads 


v2 


[2K?, +K? + K3, 


A3K3, )T» oki, Mi, + ÀoKo, M2, + AoK3, M3, ] 


[2K2 + K3, +K, 


Tg x ng x B" = CM, +G@M2, +C3M3, where 








p" (Aol ! MM, t À2M3, t A3M3, ) 


V2[(-AiKi, — A2Ko, 











B m 





(3.11) 





A2[XoA3Ka, Ko, = ÀoÀ2K, Ks, — Aik, +A, +A3K3, )As3Ko, — Arks, )] 















































C 

VAG HAT HAZ HAZOR? KL + KG) 
c, _ Vlada K?, - MJaKi Ka, — aki, + 22K, Al, ) Gf, = aks, )] 
2 

TE AP + AD + ALOK? + KZ £d) 
C V2[XAoAaK2. — Ao Ka, Ko, — Qaa, + A2k2, + A3K3, ) 1o, — A2Ko, )] 
3 

Wet A + AS + AK? + KZ +) 

















2a 


The second binormal of the curve f is given by the following 
formula 


CiMi, + CM, + C3M3, 
/G - CQ 


The first binormal of the curve f is given by the following for- 
mula 





bop = (3.12) 


big = bop x Tg x ng 
= Yola + ¥iMi, + ¥2M2, + ysMs, 





(3.13) 
where the constants are given by 


E C1A3Ko, — C13 Ks, T CA4Ks, — CaA3Ki, T C3A3K, -GK 



























































0 
VOGGA HAT HAZ +AZ 2K? +K? +K 

y CGAsKi, ST CA0K3, — CGA3Ki, — C3AoK; d 
= 

VG +G AG VAG EM EMILE UK, + IG, + KG, 
Y CGA3Ki, T CiàoK3, —GA1K,, — C3AoK; d 
n- 

VC EG EGAS HAT HA3 + AS 2K, + KG, ER, 
" Ci A3 Ka, + CiAoKo, — Aiki, — CXoKi, 
z= 

VOO CARE deh Ae 2K? +K? +R? 

















The parallel transport frame for the curve f has the form 


Ao COS Og COS Yg 


m= ( 2 2 2 2 
VAG M HAS HAS 


À1 COS Og COS Yg 


| + yı cos Og sin Y 
(rs n i: i: 





+ yo cos 0g sin vn) To 











Cı sin Og À2 COS Og COS Yg 
Jes) *\ Fate 
1*6 tG Qt ^M tA tA 
i C sing ) 
+ yo cos 0g sin Yg — ——————— |M» 
s: 5 (GG T0 " 








À 0 
( 2 COD Gy EOS M + ys cos Og sin Yg 
of AB HAG HAZ + AB 


G sin Og )u 
— —————. | Me 


(Ee F0 


(3.14) 
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N [=S cos bg sin Yg + sings sin 0g cos Yg) 
2g = 
Jr AL AM M 


+ Yo(cos dg cos Yg + sin bg sin Og sin ve) | 





E E (— cos dg sin Yg + sin bg sin 0g cos Yg) 


Vf AB APH AS 4 AS 


+ yı (cos dg cos Yg + sin dg sin Og sin Yg) 


C; sin @g cos 0 
«(5 ZUM n. 
Jd «d -d 
" À2 (— cos hp sin Yg + sin dg sin 0g cos Yg) 
V A6 t M HAZ AM 


+ ya (cos Pg cos Yg + sin dg sin Og sin Yg) 





C; sin dg cos 0 
+( 2 ge E) e. 
CE FO 
" A3(— cos bp sin Yg + sin dg sin Og cos yg) 
af Ad ATH AM 


+ ya(cos hg cos Yg + sin dg sin Og sin Yg) 





C cos 6 
(Seem) Ms, (3.15) 
JO FG TG 
T E og sin Vg + cos bg sin Og sin Vg) 
3g = 
af Ag M ASH AS 


+ Yo(— sin dg cos Yg + cos hp sin Os sin | Ty 








| E (sin bg sin Yg + cos bg sing sin Yg) 
fig Tae Ag ae 
+ yı (— sin g cos Yg + cos bp sin 8g sin Yg) 
C; cos hg cos 0 
pe 2 E a 
JG 4G dà 
N E (sin bg sin Yg + cos bg sing sin Yg) 
àS tA? AS EAS 
+ ya (— sin dg cos Yg + cos bp sin 8g sin Yg) 
C; cos bg cos 
is Ed Ma 
/Q GG 
E |^ (sin g sin Yg + cos bg sin 0g sin Yg) 
JABHAT A M 
+ ys(— sin $g cos Yg + cos dg sin Og sin Yg) 
C3 cos hg cos 
H Ed My, 
JEEE 


Note that 








(3.16) 


2 | on 
lid, — 6; ' 
|i, + k3, 


ks, 


6 - | 
|, +k, 


k -807 
B B 
and 6g --f "cos, 158 


——— € Va - - f | fo, He, s 


, 
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The second curvature of the curve f according to Frenet frame 
is given by 








iG, = Q-CGrG 


" > j 5 > (3.17) 
Ao t M HAS HAS 


The third curvature of the curve f according to Frenet frame is 
given by 


k —(CiKi, + GKo, + GK3, ) Q4 Ki, + A2K2, + A3K3, ) 
pes 
i /G-G«d 


The first curvature of the curve f according to parallel transport 
frame reads 


Kip = yA F M +23 + A3 cos Og cos Wp (3.19) 


The second curvature of the curve £ according to parallel trans- 
port frame reads 





(3.18) 


Ko, = JAG + A1 - A$ + A$[- cos og sin Wg + sin g sin Og cos We] 
(3.20) 


The third curvature of the curve f according to parallel trans- 
port frame reads 


= AQ A +13 AM[sin bg sin yg + cos hg sing cos Vg] 


(3.21) 


Ks, 











The proof is complete. 
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